We demonstrate that the Nambu-Goto string spectroscopy with massless quarks is replicated in highly excited states of the linear vector confinement potential. For deep radial excitations we observe that the Regge slope, spacing between daughter trajectories, and absolute state energies agree with those of the QCD string.
I. INTRODUCTION
We comment here on some interesting simple observations on electric potential confinement. Our conclusions concern the nature of potential models and their relationship to QCD string confinement. In the case of the time component vector (TCV) potential we note a remarkable transition in the Regge spectroscopy from the leading trajectories with slopes 1/4a to deep daughter slopes of 1/πa. In fact, the exact string spectroscopy is found to be embedded in this regime. The latter slope is characteristic of the Nambu-Goto QCD string with one fixed end. [1] We first discuss some general properties of the spinless Salpeter (SS) or square root equation. For the linear TCV potential we then compute the Regge structure in the orbitally and radially dominant regimes.
II. SPINLESS SALPETER EQUATION
The spinless Salpeter equation has long been attractive as a minimal generalization of the non-relativistic Schrödinger equations with relativistic kinematics. The introduction of a variational method [2] allowed straightforward numerical solutions involving square root operators. Starting from a simple classical Lagrangian,
we find the corresponding Hamiltonian to be
where S(r) is a Lorentz scalar potential and V (r) is a TCV potential. The positive sign corresponds to the positive energy components normally considered. The non-relativistic limit follows from the positive square root,
The squared form of Eq. (2),
is known as the generalized Klein-Gordon (GKG) equation. Some important aspects of the SS equation (2) follow from consideration of the s-wave turning points, where p 2 = 0. From Eq. (2), we see that the energy is given by
In Figs. 1 and 2 we show this turning point condition separately for both scalar and vector linear confining potentials. We see that for the pure scalar case there is no overlap of the positive and negative branches in Eq. (5). On the other hand, for pure TCV linear confinement any E > m intersects both positive and negative branches. A completely analogous observation [3] has been made earlier in the context of the Dirac equation.
Since the GKG equation (4) is squared and contains both branches, there are no normalizable solutions for pure TCV confinement. Here there is tunneling to the negative energy states which becomes catastrophic for small quark mass. The scalar solutions to the GKG equation are well defined.
The spirit of the Salpeter equation [4] is to conserve a definite number of particles. To this end energy projection operators remove the negative energy spectrum and the fermion TCV Salpeter equation has normalizable solutions for confined quarks [3] . The spinless Salpeter equation for TCV confinement achieves the same end by only including the positive branch of Eq. (2),
where we have divided the momentum into radial and angular parts. The wave equation to be solved is then
with the usual operator replacements. An unusual aspect of the SS equation occurs near the outer classical turning point. When the argument of the square root in Eq. (6) becomes negative (at sufficiently large negative p 2 r ), only incoming wave solutions are allowed. With this boundary condition well defined eigenvalues are obtained. The negative sign in Eq. (2) allows outgoing waves and tunneling to infinity.
III. SEMI-CLASSICAL ANALYTIC QUANTIZATION
Now that we have discussed the necessity of using the SS equation with vector confinement, we will prove some properties of the TCV confinement solution. We first rewrite the SS equation (6) in terms of dimensionless variables
In the case of a massless quark, we have
, where
The dimensionless physical turning points are x 1± . In the regime we are investigating the angular momentum J is limited but the energy E is large. and hence β 1. To see this we note that even for the leading (circular orbit) Regge trajectory J/E 2 = 1/4a (see the appendix) and hence β leading = 1/4. For fixed J and large E, β becomes small. In this limit the leading behavior of the roots (10) is
The SS equation may be quantized semi-classically by the usual method [5] 
In dimensionless variables (8) the quantization condition (12) becomes
The TCV quantization is achieved by integrating Eq. (9). The method is quite accurate for all states and becomes exact for states with many nodes in the radial wavefunction. This is the regime we are particularly interested in. Although the integral of Eqs. (9,13) can be expressed in terms of elliptic integrals, it is more efficient to approximate the integrand first for small β. The approximation
reproduces the exact integrand to better than 0.5% throughout most of the region of integration, even when β = 0.1. In Fig. 3 we show both the exact integrand (9) and the approximation (14) for β = 0.1. The quantization integral of the approximation (14) is relatively easily evaluated. To order β we find
We immediately find the result
Upon making the Langer [6] correction to take into account the centrifugal singularity,
where J is now the angular momentum quantum number, we find the final spectroscopic relation
The relation (18) is identical to an analytic approximation for highly radially excited QCD string, as well as being an excellent approximation to its exact numerical solution [7] .
IV. COMPARISON TO EXACT NUMERICAL RESULTS
We can nail down our central result that the QCD string spectrum (18) is replicated in the radially dominant regime of the TCV potential by solving the TCV SS equation exactly numerically. The variational (Galerkin) method is well suited for solving eigenvalue equations with mixed coordinate and momentum operators. Briefly, the method begins with a complete set of orthogonal states that can be Fourier transformed. The wavefunction is approximated as a superposition of the lowest N of those states. The wave equation transforms into an N × N matrix equation which is then diagonalized. The accuracy of the resulting eigenvalues and wavefunctions is measured by the dependence on N and the dependence of the scale parameter of the basis set. Details can be found in [8] .
The TCV SS equation (6) with m = 0 can thus be solved for a variety of angular momenta, J = 0, 1, 2, . . . and radial states, n = 0, 1, 2, . . .. The result is depicted in Fig. 4 . Plotted on this figure are both the QCD string slope 1/πa (solid) and the usual leading trajectory TCV slope 1/4a (dashed). In both cases we start the lines at J = 0. Although the leading trajectory (n = 0) agrees with the dashed prediction, the situation changes as we examine the higher radial excitations. At the larger n values (deep daughters) we observe that the solid line corresponding to the QCD string slope becomes accurate.
In Table 1 we provide the exact and the string solutions for the s-wave radial excitations. We see now that all aspects of the QCD string result (18) work quite well. The difference between excitations is accurately two units of E 2 /πa and the absolute values of the state energies correspond well to the QCD string to three significant figures.
V. SUMMARY AND DISCUSSION
On occasion simple results are quite unexpected. The present result was certainly one of these for us. We did not expect to find the m = 0 QCD string spectroscopy in a potential model. To summarize our finding, we have examined both numerically and analytically the state spectroscopy for a massless quark moving in the time-component vector linear confinement potential. For states with angular momentum much less than the number of nodes we find the spectrum is exactly that of the QCD string. The Regge slope, radial excitation energy, and the absolute values of the energy (18) are exactly what one expects from the QCD string.
Simple results, though surprising, usually have simple explanations. As we have recently pointed out [7] , the QCD string equations reduce to the spinless Salpeter equation with a linear time-component vector potential for the s-wave states. Thus there is a natural physical connection between the two systems. We can understand this connection simply. A QCD string corresponds to a constant chromoelectric field in the quark rest frame. When the quark is moving radially the QCD string has no angular momentum. In a potential model the field never carries angular momentum. The potential energy of the quark is linear in the distance from the origin, which is the same as the energy of the string as long as it is moving radially so that there are no relativistic corrections due to its transverse motion. It is thus natural to expect agreement between the string and TCV in the radial dominant regime.
The real puzzle here is why the Regge slope of the QCD string should be the same for both circular and radial motions. On one hand it is well known from Nambu-Goto days that the Regge slope of a rotating QCD string with one end fixed is 1/πa. We have seen that the TCV potential Regge slope varies from 1/4a to 1/πa as one goes from orbital to radial motion [see Fig. 4 ]. There is thus no obvious reason why this should not happen with the QCD string. Since the QCD string/TCV potential Regge slopes coincide at 1/πa for nearly radial motions this explains the remarkable uniform Regge structure seen previously from numerical solutions of the QCD string [7] .
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APPENDIX
For completeness we semi-classically quantize the TCV equation for nearly circular orbits (J n). Using the notation of Eqs. (8-10) we consider the orbitally dominant regime. In this case the turning points x 1+ and x 1− are nearly equal. By Eq. (10) this occurs exactly at
For nearly circular orbits we can expand in β and x, giving
Using the quantization condition (13) we obtain
with β = aJ/E 2 . Solving for √ β, squaring and dropping the small squared n/E 2 term, we obtain
Finally, we make the Langer [6] correction J → J + 
